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Stability and low-energy orientations of interphase boundaries in multiaxial ferroelectrics:
Phase-field simulations
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The coexistence of different ferroelectric phases enables the tunability of the macroscopic properties and
extensive applications from piezoelectric transducers to nonvolatile memories. Here we develop a thermody-
namic model to predict the stability and low-energy orientations of boundaries between different phases in
ferroelectrics. Taking lead zirconate titanate and bismuth ferrite as two examples, we demonstrate that the low-
energy orientations of interphase boundaries are largely determined by minimizing the electrostatic and elastic
energies. Phase-field simulations are employed to analyze the competition between the interfacial energy and
the electrostatic and elastic energies. Our simulation results demonstrate that the lowering of crystal symmetry
could occur due to the electrical and mechanical incompatibilities between the two phases, which can be used
to explain the experimentally observed low-symmetry phases near morphotropic phase boundaries. Our work
provides theoretical foundations for understanding and controlling the interphase boundaries in ferroelectric
materials for multifunctional applications.
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I. INTRODUCTION

Ferroelectric (FE) materials have been widely applied
in memories, piezoelectric microcomponents, high-frequency
electronics, etc. [1,2], while the rapid development of nan-
otechnology provides new challenges and opportunities.
Driven by the trend of device miniaturization and multi-
functionalization, extensive efforts have been made in the
design of micro/composite structures, the modulation of cou-
plings among multiple degrees of freedom, the control of
nanodomains and their boundaries, etc. [3–7]. Among them,
the manipulation of FE domain walls (DWs, the interfaces
between two domain variants of the same phase) and inter-
phase boundaries (IBs, the interfaces between two domains
of different phases) has been proven particularly useful for
obtaining unprecedented properties and achieving enhanced
performances, offering complicated underlying physics as
well as plentiful applications [8,9]. For instance, the profiles
of DWs may influence the conduction of FE materials [10,11],
and different resistance states could be manipulated via elec-
tric fields [9,12]. The engineered IBs in FE thin films can
exhibit excellent energy storage efficiency and thus extend
the applications of dielectric capacitors [13]. Furthermore, the
crystal structure near the morphotropic phase boundaries in
FE solid solutions such as lead zirconate titanate (PZT), lead
magnesium niobate–lead titanate (PMN PT), and potassium
sodium niobate alters sharply, and the phases will transform
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to each other along with the small alteration of chemical
compositions or mechanical stresses [14]. In this case, the
easy movement of the IBs under external stimuli is often as-
sociated with giant piezoelectricity [15–17], and thus a deeper
understanding of these boundaries is necessary.

From an energy perspective, the stability of DWs and IBs
is determined by the interplay of various energy contributions
including the short-range interfacial energy and the long-
range elastic and electrostatic energies [18,19]. Ideally, the
single domain should be the ground state for an infinite FE
bulk crystal under zero external stress and electric field, since
extra local energy would arise in the presence of a domain in-
terface. Nevertheless, the formation of polydomain structures
is usually a spontaneous process to lower the overall elastic
and/or electrostatic energy arising from the mechanical and/or
electrical boundary conditions for finite-size ferroelectrics.
For example, a monodomain FE thin film with uniform out
of plane polarization can accumulate bound charges on the
surfaces if not properly screened, which can induce a large
depolarization field across the film. To stabilize such out of
plane ferroelectricity, 180° DWs tend to form spontaneously
to lower the electrostatic energy [20–23]. Similarly, in FE thin
films subject to the clamping effect from substrates, ferroe-
lastic domains with non-180° DWs or IBs emerge to release
the otherwise large elastic energy associated with a coherent
monodomain state [24].

In general, the orientations of low-energy domain inter-
faces are not arbitrary. It is known that a stable DW should
satisfy the electrical compatibility condition (i.e., polarization
continuity) and the mechanical compatibility condition at the
same time [25], which guarantees that both the polarization
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vectors and the spontaneous strain tensors are continuous
across the corresponding wall (see Eqs. (S9) and (S10) in Sec.
S I of the Supplemental Material [26]; also see [27–34]). In
fact, systematic analyses of these two compatibility condi-
tions have been well established in the literature [25,35–38].
For an IB, however, the mechanical compatibility condition
generally cannot be satisfied, and how to theoretically analyze
its stability and low-energy orientations remains elusive.

In this work, we quantify the energy changes due to the
presence of DWs or IBs in ferroelectrics based on an ana-
lytical model, incorporating the long-range electrostatic and
elastic energies. In Sec. II, we establish the model by intro-
ducing two incompatibility factors to evaluate the degrees of
electrical and mechanical incompatibilities and consider the
contributions from the phase separation process. In Sec. III,
taking lead zirconate titanate and bismuth ferrite as two ex-
amples, we calculate the low-energy orientations of DWs and
IBs based on the minimization of the two incompatibility fac-
tors. The competition between the short-range and long-range
interactions is demonstrated by using phase-field simulations.
The total excess energy as a function of the domain width
is discussed, which predicts a critical domain width for the
stability of domain interfaces. We also demonstrate that the
crystal symmetry of highly strained BiFeO3 thin films can be
lowered due to the electrical and mechanical incompatibilities
between the two phases. Section IV concludes our findings.

II. THERMODYNAMIC ANALYSIS OF COMPATIBLE
AND INCOMPATIBLE DOMAIN WALLS

AND INTERPHASE BOUNDARIES

The formation of DWs or IBs in FE materials is ac-
companied by a local excess energy called the interfacial
energy, which is commonly characterized by its surface den-
sity denoted as γDI. The interfacial energy originates from
the discontinuity of order parameters across the DWs or IBs
which causes extra Landau free energy and gradient energy.
Apart from this short-range interaction, the formation of DWs
or IBs may also affect the long-range electrostatic and elastic
energies.

The electrostatic energy density can be written as

felec = − 1
2ε0κ

b
i jEiE j − PiEi, (1)

where ε0 is the vacuum permittivity, κb
i j is the background

permittivity tensor [39,40], Ei is the electric field component,
and Pi is the spontaneous polarization component (see Sec. S I
of the Supplemental Material [26]). The Einstein convention
is used throughout this work. The elastic energy under stress-
controlled boundary conditions is written as

felas = − 1
2 si jklσi jσkl − σi jε

0
i j, (2)

where si jkl is the fourth-rank compliance tensor; σi j and ε0
i j

are the components of stress and eigenstrain, respectively.
For simplicity, we consider a one-dimensional periodic

system consisting of two alternating domains which can ei-
ther represent two domain variants of the same phase or two
phases. The interface plane is denoted by its unit normal
vector n. As shown in Fig. 1(a), the system with the period
L can be divided into domain I and domain II with fraction wI

and wII, respectively. Apparently, wI + wII = 1. For domain

FIG. 1. (a) The sketch of the studied system with alternating
two domains. (b), (c) Polarization directions of the domain variants
in lead zirconate titanate (PZT) and bismuth ferrite (BFO) single
crystals, including the tetragonal (T) phase and the rhombohedral (R)
phase. (d), (e) Polarization directions of the domain variants in BFO
thin films, including the supertetragonal (TS) phase and the distorted
rhombohedral (RD) phase.

p (p = I, II), the polarization vector is Pp, and the eigenstrain
tensor is ε0(p). In addition, the sharp interface assumption is
employed in the analytical derivation.

In most cases of DWs, the mechanical compatibility
condition [Eq. (S10)] has two roots which represent two
perpendicular DWs, and one of them satisfies the electrical
compatibility condition [Eq. (S9)] at the same time. For other
cases, there exist either infinite permissible wall orientations
or zero mechanically compatible DWs [8].

As mentioned in Sec. I, the mechanical compatibility
condition can be satisfied only for homophase DWs but
has no solutions for heterophase IBs in general, and extra
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electrostatic and/or elastic energies would be gained for in-
compatible interfaces. From Eqs. (1) and (2), we can obtain
the average electrostatic and elastic energy densities of the
polydomain system as well as that of the monodomain states.
The difference of electrostatic or elastic energy between the
polydomain structure and two corresponding monodomain
ones measures the long-range influence of DWs or IBs. After
some derivations (see Sec. S II of the Supplemental Material
[26]), the electrostatic energy density change due to the intro-
duction of DWs or IBs is

� felec = 1

2
wIwII (P� · n)2

ε0κb
n

:= 1

2
wIwIIQ(n), (3)

where P� = PI − PII and κb
n = κb

i jnin j . Here, we define the
so-call electrical incompatibility factor as

Q(n) = (P� · n)2

ε0κb
n

, (4)

which depends on the interface normal n for the two given FE
domains. Clearly, Q(n) � 0. If Q(n) is zero, i.e., P� · n = 0
[Eq. (S9)], the interface is electrically compatible.

Similarly, the excess elastic energy density due to the for-
mation of DWs or IBs can be written as

� felas = 1
2wIwIIB(n). (5)

Here the mechanical incompatibility factor is defined as

B(n) = ci jklε
�
i j ε

�
kl − niσ

�
i j � jkσ

�
kl nl , (6)

where ci jkl is the elastic stiffness tensor, σ�
i j = ci jklε

�
kl with

ε�
i j = ε

0(I)
i j − ε

0(II)
i j , and � is a second-rank tensor calculated

by �−1
ik = ci jkl n jnl (see Sec. S III of the Supplemental Mate-

rial [26] for detailed derivations). For two given ferroelastic
domains, or two given eigenstrains, B(n) only depends on the
interface normal n. It is noteworthy that the form of B(n) can
also be derived from Khachaturyan’s microelasticity theory
[41]. Generally, we have B(n) � 0, and the mechanical com-
patibility condition [Eq. (S10)] is the special case as B(n) = 0.

In addition, the phase separation process of a homoge-
neous phase into a mixture of two or more phases is one of
the origins for the formation of polydomain structures. The
most known example is spinodal decomposition [42,43]. Also,
in FE thin films, strain phase separation [44,45] from one
strain state to different strain states of structural domain/phase
variants has been commonly observed in many systems. The
energy reduction owing to the phase separation � f de can be
obtained by polynomial fittings to the curves of free energy
versus corresponding separated variables and then calculating
their common tangents [44] (see Sec. S IV of the Supplemen-
tal Material [26] for a simple example). It should be noted that
� f de is independent of the interface normal n.

We can see that several contributions are associated with
the introduction of DWs or IBs in a polydomain system.
The first is the interfacial energy γDI which is local and has
the unit of energy per area. The second is the energy gains
1
2wIwII[Q(n) + B(n)] from electrical and mechanical incom-
patibilities depending on the fraction of each domain and the
direction of the domain interfaces. The third is the energy
loss � f de due to the phase separation induced possibly by

the spinodal decomposition, strain-controlled boundary con-
ditions, etc. Altogether, the energy difference is

�F � γDISDI + 1
2wIwIIV [Q(n) + B(n)] − V � f de, (7)

where V is the volume and SDI is the area of domain inter-
faces. The reason for using the less than or equal to symbol
“�” instead of the equal symbol “=” is that the polarization
vectors within the two domains would rotate slightly for the
incompatible cases to reduce the total energy, which will be
discussed in the next section.

From Eq. (7), we may then define a new parameter γ as g =
�F/SDI, which represents the surface density of the overall
energy change caused by the presence of DWs or IBs. For the
system in Fig. 1(a), V = SDIL/2 with L the domain period.
Then,

γ � γDI + 1
2

[
1
2wIwII[Q(n) + B(n)] − � f de

]
L. (8)

Therefore, one can calculate a series of γ as a function
of the domain period L by numerical approaches such as
first-principles calculations, effective Hamiltonian method,
phase-field method, etc. The obtained γ -L curve should be
linear. The vertical intercept of this curve represents the short-
range interfacial energy γDI, and the double of the slope
indicates the long-range contributions from the incompatibili-
ties and phase separations. When the slope of the γ -L curve is
less than zero and the domain period L is larger than a critical
value, the coexistence of two domains is energetically more
stable compared to the case of monodomain.

Meanwhile, the critical domain period Lcrit can be calcu-
lated by solving γ = 0, which gives

Lcrit = 2γDI

� f de − 1
2wIwII[Q(n) + B(n)]

. (9)

Here Lcrit represents the critical length of the domain pe-
riod when the polydomain structures possess the same energy
as the monodomain ones, which is analogous to the critical
radius in the classical nucleation theory [46,47]. It should be
noted that Lcrit accounts for the gradient energy and represents
the balance between the short-range energy terms and the
long-range ones. Since the focus of this work is the compati-
bility of the domain interfaces, the analytical calculations on
the interfacial energy γDI are not included. The critical domain
period Lcrit can be obtained from the phase-field simulations.

III. NUMERICAL RESULTS FROM ANALYTICAL
CALCULATIONS AND PHASE-FIELD SIMULATIONS

Section II gives a general model that can be used for all
FE DWs and IBs. In this section, we apply this model to
PbZr0.5Ti0.5O3 (PZT50) and BiFeO3 (BFO) as two examples.
PZT is a perovskite FE material with a remarkable piezoelec-
tric coefficient near the morphotropic phase boundary. The
tetragonal (T) and rhombohedral (R) phases coexist in PZT
bulks at room temperature, as sketched in Figs. 1(b) and 1(c),
respectively.

According to Eq. (7), we know that only the incompatible
energies are related to the orientations of domain interfaces.
By minimizing E (n) = Q(n) + B(n), one can obtain the in-
terface orientation with the smallest electrostatic and elastic
energies. Note that E (n) � 0, and the equal sign applies when
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FIG. 2. (a) The sketch of T+
1 /T+

2 domain wall in PbZr0.5Ti0.5O3 (PZT50). (b), (d) Polar plots of electrical incompatibility factor Q(n) (b),
mechanical incompatibility factor B(n) (c), and the sum of two incompatibility factors E (n) (d) versus the interface orientation n of the T+

1 /T+
2

domain wall. (e) The sketch of T+
1 /R+

1 interphase boundary in PZT50. (f)–(h) Polar plots of Q(n) (f), B(n) (g), and E (n) (h) versus n of T+
1 /R+

1

interphase boundary. The shaded planes in (a), (e) label the interfaces with the lowest E (n). The gray planes in (b), (f) indicate the possible
interface normal with the lowest Q(n). The gray arrows in (c), (g) indicate the interface normal with the lowest B(n). The black arrows in
(d), (h) indicate the interface normal with the lowest E (n).

and only when the interface satisfies both the electrical and
mechanical compatibility conditions. Figure 2 shows an ex-
ample of PZT50 bulks under stress-free boundary conditions
at temperature T = 300 K, in which case the T/T and R/R
DWs and the T/R IBs can exist simultaneously (see Sec. S V
of the Supplemental Material [26] for the energy model and
corresponding coefficients of PZT50). For the DW between
the T+

1 (polarization along [100]) and T+
2 (polarization along

[010]) domains [Fig. 2(a)], the interface normal needs to lie
within the plane (1-10) to satisfy the electrical compatibility
condition, i.e., n||(1-10), as shown in Fig. 2(b). Meanwhile, by
solving the mechanical compatibility condition, Eq. (S10), or
B(n) = 0, n should be [110] or [1-10], as shown in Fig. 2(c).
Altogether, the T+

1 /T+
2 DW normal n = [110], indicating the

typical 90° DWs [Fig. 2(d)]. The R/T IBs, however, are more
complicated since the mechanical compatibility condition has
no solutions. As illustrated in Fig. 2(g), the boundaries be-
tween the T+

1 and R+
1 (polarization along [111]) domains

will always generate nonzero mechanical incompatibility fac-
tor. By minimizing E (n), two low-energy orientations (n =
[0.70, –0.22, 0.68] and [0.70, 0.68, –0.22]) are obtained, one
of which is plotted in Fig. 2(e). Interestingly, these two in-
terfaces are symmetric with respect to the plane spanned by
the T+

1 and R+
1 polarization vectors. In general, for any two

domains with known polarizations and eigenstrains, the ori-
entations of low-energy domain interfaces can be calculated
in a similar manner. In fact, the formation of tetragonal and
rhombohedral polydomain structures in FE epitaxial films was
studied by Ouyang et al. [48] using similar thermodynamic
theory [49,50]. The orientation of the elastically best fitting
IBs in PZT, PMN PT, and BFO heterophase polydomain struc-
tures could be analytically solved by minimizing the elastic
energy. Their result of a {112} type of DW is close to ours
where the interface normal with respect to the minimization

of the elastic incompatibility factor B(n) in PZT is [0.70, 0.50,
0.50] or [–0.68, 0.52, 0.52], as shown in Fig. 2(g).

Another example for the coexistence of different FE phases
is BFO. BFO is one of the most studied room-temperature
multiferroic materials and possesses the R phase below TC ∼
1100 K. Moreover, highly strained BFO thin films can form a
supertetragonal (TS) phase with high c/a ratio and large po-
larization [51,52], and the coexistence of the TS and distorted
rhombohedral (RD) phases was observed in experiments
[53]. The polarization vectors of the TS and RD phases are
illustrated in Figs. 1(d) and 1(e), respectively. To incorpo-
rate the contributions from the short-range interfacial energy
and long-range interactions, we perform a series of one-
dimensional phase-field simulations on the stress-free BFO
bulks and highly strained BFO thin films. Following previous
works [45,54,55], the total free energy density contains the
volume densities of Landau free energy fLand, gradient energy
fgrad, electrostatic energy felec, and elastic energy felas. There
are multiple sets of existing coefficients for BFO [45,56–
58], which describe the behaviors of BFO under different
conditions. Here we choose the set of coefficients that could
describe both the rhombohedral and the supertetragonal min-
ima (see Sec. S VI of the Supplemental Material [26] for
the energy expressions and coefficients of BFO). It should
be noted that the specific values of order parameters may
depend on the choice of coefficients, whereas the lowering
of the crystal symmetry, which will be shown below, is insen-
sitive to the material coefficients. The mechanical boundary
conditions of the stress-free bulks are σi j = 0 (i, j = 1, 2, 3),
and those of the thin films are assumed to be ε11 = ε22 =
εs, ε12 = 0, and σ33 = σ13 = σ23 = 0, where the misfit strain
εs = –4.3% corresponding to the case of BFO films grown
on the (001) LaAlO3 substrates. The system size is chosen
to be Nx�x × 1�x × 1�x with �x = 0.02 nm, and Nx is
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FIG. 3. γ -L curves of different domain interfaces in stress-free BFO bulks and BFO thin films with misfit strain εs = –4.3%. (a) Compatible
and incompatible R+

1 /R−
2 domain walls in stress-free BFO bulks with n = [100] and n = [

√
211̄], respectively. (b) R′+

1 /R′+
2 and T′+

1 /T′+
2

domain walls in highly strained BFO thin films. (c) R′+
1 /T′+

1 interphase boundaries in highly strained BFO thin films. Dots represent the results
from phase-field simulations, and solid lines are fitted to the dots. The dashed line in (a) is the result from thermodynamic analysis. Insets in
(b), (c) are the zoomed-in plots of the gray circular regions showing the critical domain period Lcrit .

determined by the domain period L via L = Nx�x. First, we
employ the analytical solutions to obtain the interface orien-
tation n with the lowest energy E (n). In the calculation, the
polarizations and eigenstrains of the two domains are chosen
to be the values of the corresponding monodomain structures
under the same boundary conditions. Then, the coordinate
system of the phase-field simulations for the low-energy do-
main interfaces is rotated such that x||n unless mentioned
otherwise.

Using phase-field simulations, we calculate γ as a function
of the domain periods L and plot the γ -L curves. For the
R+

1 /R−
2 (109°) DWs, the value of γ is a constant if the in-

terface orientation is chosen to be compatible (n = [100]), as
shown in Fig. 3(a). The zero slope indicates that both the elec-
trical incompatibility factor and the mechanical incompatibil-
ity factor are zero. However, if we rotate the interface normal,
e.g., from [100] to [

√
211̄], suggesting that the mechanical

compatibility condition is not satisfied, the slope becomes
positive, which indicates that the total system energy increases
as a function of the domain size. Apparently, such interface
orientation is energetically unfavored. In addition, the vertical
intercepts of the two lines in Fig. 3(a) are different, meaning
that the interfacial energies of the two cases are different.

For BFO thin films, the strain phase separation phe-
nomenon should also be considered. Figure 3(b) shows the
results for the R′+

1 /R′+
2 and T+

1 /T′+
2 DWs, the interface orien-

tations of which both satisfy E (n) = 0. The negative slopes of
the two lines result from the strain-induced phase separation
process [44,45]. The curve for the R′+

1 /T′+
1 IB is plotted

in Fig. 3(c). Since the two compatibility conditions have
no solutions for IBs simultaneously, the interface orientation
is chosen by minimizing E (n). The slope is also negative,
suggesting that the contribution from the phase separation
phenomenon dominates over those from the electrostatic and
elastic incompatibility energies. Notably, the negative slope
of the γ -L curves implies the decrease of the system energy
caused by the formation of DWs or IBs when the domain
period is large enough. In this case, the formation of these in-
terfaces and their symmetric variants is a spontaneous process
and thus can be observed in experiments [53]. Moreover, the
critical domain period Lcrit for a stable domain interface can
be determined by solving γ = 0, as illustrated in the insets of
Figs. 3(b) and 3(c).

From the simulation results, we observe the change of the
crystal symmetry within the domains when the interface is
an incompatible one. The blue dashed line in Fig. 3(a) is
the analytical result whose slope is calculated numerically
by the incompatibility factors and is larger than that fitted
to the phase-field simulation results [the blue solid line in
Fig. 3(a)]. The decrease of the slope of the γ -L curves could
be explained by examining the polarization profiles across the
DWs from phase-field simulations, as shown in Figs. 4(a) and
4(b). For the compatible R+

1 /R−
2 DW in Fig. 4(a), the two

adjacent domains maintain the same rhombohedral symme-
try (|P1| = |P2| = |P3|) except for the transitional region in
the vicinity of the DW. For the mechanically incompatible
case, however, the polarization vectors in both domains rotate
slightly away from the 〈111〉 directions (|P1| �= |P2| �= |P3|),
as shown in Fig. 4(b). According to Eq. (8), the double of
the slope is equal to the total excess energy density excluding
the local interfacial energy. Therefore, although such polar-
ization rotations increase the Landau free energy density, the
elastic energy density can be lowered by reducing the value
of the mechanical incompatibility factor. Our calculations
show that the slope of results from phase-field simulations
decreases by 26% compared to that calculated from analytical
solutions.

Figures 4(c) and 4(d) are the polarization profiles across
the R′+

1 /R′+
2 and T′+

1 /T′+
2 DWs in BFO thin films subject to

biaxial misfit strain εs = –4.3%, respectively. Similar to the
compatible R+

1 /R−
2 DW, the monoclinic symmetry is main-

tained far away from the DWs. Nevertheless, for the case of
the R′+

1 /T′+
1 IB [Fig. 4(e)], the polarization vectors of both the

TS phase and the RD phase rotate slightly from the directions
with monoclinic symmetry, resulting in symmetry breaking
(both from monoclinic to triclinic). Meanwhile, the sum of in-
compatibility factors E (n) decreases by 14% from 3.00 to 2.58
(unit: 108 J/m3) caused by the polarization rotation. Note that
if the electrostatic energy felec is neglected and the interface
orientation is chosen by minimizing B(n) in the phase-field
simulation [Fig. 4(f)], the polarization rotation angle would
become smaller, indicating that the electrical incompatibility
is a major factor for the lowering of crystal symmetry in the
incompatible polydomain system. Because of the long-range
feature of the incompatibility factors, the triclinic phases are
also long range instead of localized near the IBs.
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FIG. 4. The polarization profiles across different domain interfaces in stress-free BFO bulks and BFO thin films with misfit strain εs =
–4.3%. (a), (b) R+

1 /R−
2 domain walls of compatible and incompatible cases with n = [100] and n = [

√
211̄], respectively, in stress-free BFO

bulks. (c) R′+
1 /R′+

2 domain wall in BFO thin films. (d) T′+
1 /T′+

2 domain wall in BFO thin films. (e), (f) R′+
1 /T′+

1 interphase boundaries in BFO
thin films including and excluding the electrostatic energy, respectively. The gray shaded regions indicate the interface regions.

From the above discussion, the crystal symmetry within the
domains across compatible DWs (RD/RD or TS/TS) remains
unchanged, whereas that across the incompatible IBs (RD/TS)
would be lowered. This finding is supported by earlier ex-
periments where the coexistence of the tilted RD and tilted
TS phases with triclinic symmetry is observed in BFO thin
films grown on the LaAlO3 substrates [53,59–61]. Notably,
the origin of the triclinic phases in BFO thin films is still
under debate. In previous first-principles calculations on BFO
[62], the lowest symmetry of the structures that are stable
or metastable under stress-free conditions is the monoclinic
symmetry. Our phase-field simulation results demonstrate that
those experimentally observed triclinic phases are not intrinsic
but instead distorted from monoclinic phases by the long-
range electrostatic and elastic energies. In fact, low-symmetry
crystal structures have been found experimentally in other
heterophase FE systems such as near the morphotropic phase
boundaries in PZT [63,64] and PMN PT [65] and near the
thermotropic phase boundaries in BaTiO3 [66]. In general,
the low-energy monoclinic phases may be induced by the
substrate constraints and the oxygen octahedral tilts [67] for
the single domain case, while the incompatible IBs can also
stabilize monoclinic phases in the polydomain systems. The
earlier theoretical analysis [68,69] indicates that the crystal
lattice of the R/T polydomain in FE solid solutions is mon-
oclinic averagely, and the simulations by Ke et al. [70,71]
suggest that such monoclinic phase near the morphotropic
phase boundary is stabilized by the long-range elastic and
electrostatic interactions, which is consistent with our simu-
lation results.

IV. CONCLUSIONS

In conclusion, we developed a thermodynamic model to
analyze the stability and low-energy orientations of a general
domain interface in FE materials, which is applicable to ho-
mophase DWs as well as heterophase IBs. We defined the
electrical and mechanical incompatibility factors to measure
the degrees of electrical and mechanical incompatibilities,
respectively. The low-energy orientations of a DW or IB can
be predicted by the minimization of the summation of the two
factors. Taking PZT50 and BFO as two exemplary systems,
we evaluated the low-energy orientations of the DWs and IBs.
The competition between the short-range and long-range in-
teractions plays an essential role in the stability of polydomain
structures and is demonstrated by phase-field simulations. By
comparing the polarization profiles of compatible and incom-
patible domain interfaces, we found that the electrical and/or
mechanical incompatibilities are responsible for the lowering
of crystal symmetry in polyphase ferroelectrics. This work
provides a general theoretical framework for analyzing the
stability and orientations of IBs in FE materials, which can
be generalized to other ferroic and multiferroic systems by
incorporating other energy terms.

ACKNOWLEDGMENTS

Y.Z., S.D., and J.-M.L. acknowledge the financial sup-
port from the National Natural Science Foundation of China
(Grant No. 11834002). The phase-field simulations were
performed using the commercial software package μ-PRO

[72].

014108-6



STABILITY AND LOW-ENERGY ORIENTATIONS OF … PHYSICAL REVIEW B 105, 014108 (2022)

[1] J. F. Scott, Applications of modern ferroelectrics, Science 315,
954 (2007).

[2] N. Setter, D. Damjanovic, L. Eng, G. Fox, S. Gevorgian, S.
Hong, A. Kingon, H. Kohlstedt, N. Y. Park, G. B. Stephenson,
I. Stolitchnov, A. K. Taganstev, D. V. Taylor, T. Yamada, and S.
Streiffer, Ferroelectric thin films: Review of materials, proper-
ties, and applications, J. Appl. Phys. 100, 051606 (2006).

[3] S. Das, Y. L. Tang, Z. Hong, M. A. P. Gonçalves, M. R.
McCarter, C. Klewe, K. X. Nguyen, F. Gómez-Ortiz, P. Shafer,
E. Arenholz, V. A. Stoica, S.-L. Hsu, B. Wang, C. Ophus,
J. F. Liu, C. T. Nelson, S. Saremi, B. Prasad, A. B. Mei,
D. G. Schlom et al., Observation of room-temperature polar
skyrmions, Nature (London) 568, 368 (2019).

[4] A. K. Yadav, C. T. Nelson, S. L. Hsu, Z. Hong, J. D. Clarkson,
C. M. Schlepütz, A. R. Damodaran, P. Shafer, E. Arenholz,
L. R. Dedon, D. Chen, A. Vishwanath, A. M. Minor, L. Q.
Chen, J. F. Scott, L. W. Martin, and R. Ramesh, Observation
of polar vortices in oxide superlattices, Nature (London) 530,
198 (2016).

[5] S. Das, Z. Hong, M. McCarter, P. Shafer, Y.-T. Shao, D. A.
Muller, L. W. Martin, and R. Ramesh, A new era in ferro-
electrics, APL Mater. 8, 120902 (2020).

[6] J.-M. Hu, C.-W. Nan, and L.-Q. Chen, Perspective: Voltage
control of magnetization in multiferroic heterostructures, Natl.
Sci. Rev. 6, 621 (2019).

[7] J.-M. Hu, L.-Q. Chen, and C.-W. Nan, Multiferroic heterostruc-
tures integrating ferroelectric and magnetic materials, Adv.
Mater. 28, 15 (2016).

[8] P. Marton, I. Rychetsky, and J. Hlinka, Domain walls of
ferroelectric BaTiO3 within the Ginzburg-Landau-Devonshire
phenomenological model, Phys. Rev. B 81, 144125 (2010).

[9] G. F. Nataf, M. Guennou, J. M. Gregg, D. Meier, J. Hlinka,
E. K. H. Salje, and J. Kreisel, Domain-wall engineering and
topological defects in ferroelectric and ferroelastic materials,
Nat. Rev. Phys. 2, 634 (2020).

[10] S. Ghara, K. Geirhos, L. Kuerten, P. Lunkenheimer, V. Tsurkan,
M. Fiebig, and I. Kézsmárki, Giant conductivity of mobile non-
oxide domain walls, Nat. Commun. 12, 3975 (2021).

[11] L. Liu, K. Xu, Q. Li, J. Daniels, H. Zhou, J. Li, J. Zhu, J. Seidel,
and J. Li, Giant domain wall conductivity in self-assembled
BiFeO3 nanocrystals, Adv. Funct. Mater. 31, 2005876
(2021).

[12] W. Yang, G. Tian, Y. Zhang, F. Xue, D. Zheng, L. Zhang, Y.
Wang, C. Chen, Z. Fan, Z. Hou, D. Chen, J. Gao, M. Zeng, M.
Qin, L.-Q. Chen, X. Gao, and J.-M. Liu, Quasi-one-dimensional
metallic conduction channels in exotic ferroelectric topological
defects, Nat. Commun. 12, 1306 (2021).

[13] H. Cheng, J. Ouyang, Y.-X. Zhang, D. Ascienzo, Y. Li,
Y.-Y. Zhao, and Y. Ren, Demonstration of ultra-high recyclable
energy densities in domain-engineered ferroelectric films, Nat.
Commun. 8, 1999 (2017).

[14] M. Ahart, M. Somayazulu, R. E. Cohen, P. Ganesh, P. Dera,
H. Mao, R. J. Hemley, Y. Ren, P. Liermann, and Z. Wu, Ori-
gin of morphotropic phase boundaries in ferroelectrics, Nature
(London) 451, 545 (2008).

[15] F. Li, M. J. Cabral, B. Xu, Z. Cheng, E. C. Dickey, J. M.
LeBeau, J. Wang, J. Luo, S. Taylor, W. Hackenberger, L.
Bellaiche, Z. Xu, L.-Q. Chen, T. R. Shrout, and S. Zhang, Giant
piezoelectricity of Sm-doped Pb(Mg1/3Nb2/3)O3-PbTiO3 single
crystals, Science 364, 264 (2019).

[16] F. Li, D. Lin, Z. Chen, Z. Cheng, J. Wang, C. Li, Z. Xu,
Q. Huang, X. Liao, L.-Q. Chen, T. R. Shrout, and S. Zhang,
Ultrahigh piezoelectricity in ferroelectric ceramics by design,
Nat. Mater. 17, 349 (2018).

[17] B. Wang, H.-N. Chen, J.-J. Wang, and L.-Q. Chen, Ferroelectric
domain structures and temperature-misfit strain phase diagrams
of K1–xNaxNbO3 thin films: A phase-field study, Appl. Phys.
Lett. 115, 092902 (2019).

[18] N. A. Pertsev, A. G. Zembilgotov, and A. K. Tagantsev, Effect
of Mechanical Boundary Conditions on Phase Diagrams of
Epitaxial Ferroelectric Thin Films, Phys. Rev. Lett. 80, 1988
(1998).

[19] A. K. Tagantsev, L. E. Cross, and J. Fousek, Domains in Ferroic
Crystals and Thin Films (Springer, New York, 2010).

[20] D. D. Fong, G. B. Stephenson, S. K. Streiffer, J. A. Eastman,
O. Aucielo, P. H. Fuoss, and C. Thompson, Ferroelectricity in
ultrathin perovskite films, Science 304, 1650 (2004).

[21] C. M. Folkman, S. H. Baek, H. W. Jang, C. B. Eom, C. T.
Nelson, X. Q. Pan, Y. L. Li, L. Q. Chen, A. Kumar, V. Gopalan,
and S. K. Streiffer, Stripe domain structure in epitaxial (001)
BiFeO3 thin films on orthorhombic TbScO3 substrate, Appl.
Phys. Lett. 94, 251911 (2009).

[22] D. A. Tenne, P. Turner, J. D. Schmidt, M. Biegalski, Y. L.
Li, L. Q. Chen, A. Soukiassian, S. Trolier-McKinstry, D. G.
Schlom, X. X. Xi, D. D. Fong, P. H. Fuoss, J. A. Eastman, G. B.
Stephenson, C. Thompson, and S. K. Streiffer, Ferroelectricity
in Ultrathin BaTiO3 Films: Probing the Size Effect by Ultravi-
olet Raman Spectroscopy, Phys. Rev. Lett. 103, 177601 (2009).

[23] Z. Chen, J. Liu, Y. Qi, D. Chen, S.-L. Hsu, A. R. Damodaran,
X. He, A. T. N’Diaye, A. Rockett, and L. W. Martin, 180°
Ferroelectric stripe nanodomains in BiFeO3 thin films, Nano
Lett. 15, 6506 (2015).

[24] W. Pompe, X. Gong, Z. Suo, and J. S. Speck, Elastic energy
release due to domain formation in the strained epitaxy of fer-
roelectric and ferroelastic films, J. Appl. Phys. 74, 6012 (1993).

[25] J. Erhart, Domain wall orientations in ferroelastics and ferro-
electrics, Phase Transitions 77, 989 (2004).

[26] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.105.014108 for the derivation of electro-
static and elastic energy densities, the derivation of the electrical
incompatibility factor, the derivation of the mechanical incom-
patibility factor, the introduction of the energy change of phase
separation, and the energy expressions and coefficients of lead
zirconate titanate and bismuth ferrite, which includes Refs.
[27–34].

[27] L.-Q. Chen, Phase-field method of phase transitions/domain
structures in ferroelectric thin films: A review, J. Am. Ceram.
Soc. 91, 1835 (2008).

[28] M. J. Haun, E. Furman, S. J. Jang, and L. E. Cross, Ther-
modynamic theory of the lead zirconate-titanate solid solution
system, part I: Phenomenology, Ferroelectrics 99, 13 (1989).

[29] Y. L. Li, S. Choudhury, Z. K. Liu, and L. Q. Chen, Effect
of external mechanical constraints on the phase diagram of
epitaxial PbZr1–xTixO3 thin films—thermodynamic calculations
and phase-field simulations, Appl. Phys. Lett. 83, 1608 (2003).

[30] Y. L. Li, S. Y. Hu, and L. Q. Chen, Ferroelectric domain mor-
phologies of (001) PbZr1–xTixO3 epitaxial thin films, J. Appl.
Phys. 97, 034112 (2005).

[31] Z. Chen, Z. Luo, C. Huang, Y. Qi, P. Yang, L. You, C. Hu, T.
Wu, J. Wang, C. Gao, T. Sritharan, and L. Chen, Low-symmetry

014108-7

https://doi.org/10.1126/science.1129564
https://doi.org/10.1063/1.2336999
https://doi.org/10.1038/s41586-019-1092-8
https://doi.org/10.1038/nature16463
https://doi.org/10.1063/5.0034914
https://doi.org/10.1093/nsr/nwz047
https://doi.org/10.1002/adma.201502824
https://doi.org/10.1103/PhysRevB.81.144125
https://doi.org/10.1038/s42254-020-0235-z
https://doi.org/10.1038/s41467-021-24160-2
https://doi.org/10.1002/adfm.202005876
https://doi.org/10.1038/s41467-021-21521-9
https://doi.org/10.1038/s41467-017-02040-y
https://doi.org/10.1038/nature06459
https://doi.org/10.1126/science.aaw2781
https://doi.org/10.1038/s41563-018-0034-4
https://doi.org/10.1063/1.5116910
https://doi.org/10.1103/PhysRevLett.80.1988
https://doi.org/10.1126/science.1098252
https://doi.org/10.1063/1.3152009
https://doi.org/10.1103/PhysRevLett.103.177601
https://doi.org/10.1021/acs.nanolett.5b02031
https://doi.org/10.1063/1.355215
https://doi.org/10.1080/01411590410001710744
http://link.aps.org/supplemental/10.1103/PhysRevB.105.014108
https://doi.org/10.1111/j.1551-2916.2008.02413.x
https://doi.org/10.1080/00150198908221436
https://doi.org/10.1063/1.1600824
https://doi.org/10.1063/1.1849820


ZHANG, XUE, WANG, HU, DONG, LIU, AND CHEN PHYSICAL REVIEW B 105, 014108 (2022)

monoclinic phases and polarization rotation path mediated by
epitaxial strain in multiferroic BiFeO3 thin films, Adv. Funct.
Mater. 21, 133 (2011).

[32] O. Diéguez, P. Aguado-Puente, J. Junquera, and J. Íñiguez,
Domain walls in a perovskite oxide with two primary structural
order parameters: First-principles study of BiFeO3, Phys. Rev.
B 87, 024102 (2013).

[33] Y. Wang, C. Nelson, A. Melville, B. Winchester, S. Shang,
Z.-K. Liu, D. G. Schlom, X. Pan, and L.-Q. Chen, BiFeO3

domain wall energies and structures: A Combined Experimental
and Density Functional Theory+U Study, Phys. Rev. Lett. 110,
267601 (2013).

[34] W. Ren, Y. Yang, O. Diéguez, J. Íñiguez, N. Choudhury, and L.
Bellaiche, Ferroelectric Domains in Multiferroic BiFeO3 Films
under Epitaxial Strains, Phys. Rev. Lett. 110, 187601 (2013).

[35] J. Fousek and V. Janovec, The orientation of domain walls in
twinned ferroelectric crystals, J. Appl. Phys. 40, 135 (1969).

[36] J. Fousek, Permissible domain walls in ferroelectric species,
Czech. J. Phys. B 21, 955 (1971).

[37] J. Sapriel, Domain-wall orientations in ferroelastics, Phys. Rev.
B 12, 5128 (1975).

[38] E. F. Dudnik and L. A. Shuvalov, Domain structure and phase
boundaries in ferroelastics, Ferroelectrics 98, 207 (1989).

[39] A. K. Tagantsev, The role of the background dielectric suscep-
tibility in uniaxial ferroelectrics, Ferroelectrics 69, 321 (1986).

[40] A. P. Levanyuk, B. A. Strukov, and A. Cano, Background
dielectric permittivity: Material constant or fitting parameter?
Ferroelectrics 503, 94 (2016).

[41] A. G. Khachaturyan, Theory of Structural Transformations in
Solids (Courier Corporation, New York, 2013).

[42] J. W. Cahn, Phase separation by spinodal decomposition in
isotropic systems, J. Chem. Phys. 42, 93 (1965).

[43] X. Ke, D. Wang, X. Ren, and Y. Wang, Polarization Spinodal
at Ferroelectric Morphotropic Phase Boundary, Phys. Rev. Lett.
125, 127602 (2020).

[44] F. Xue, Y. Ji, and L.-Q. Chen, Theory of strain phase separation
and strain spinodal: Applications to ferroelastic and ferroelec-
tric systems, Acta Mater. 133, 147 (2017).

[45] F. Xue, Y. Li, Y. Gu, J. Zhang, and L.-Q. Chen, Strain phase
separation: Formation of ferroelastic domain structures, Phys.
Rev. B 94, 220101(R) (2016).

[46] M. P. Anisimov, Nucleation: Theory and experiment, Russ.
Chem. Rev. 72, 591 (2003).

[47] S. Karthika, T. K. Radhakrishnan, and P. Kalaichelvi, A review
of classical and nonclassical nucleation theories, Cryst. Growth
Des. 16, 6663 (2016).

[48] J. Ouyang, W. Zhang, X. Huang, and A. L. Roytburd, Ther-
modynamics of formation of tetragonal and rhombohedral
heterophase polydomains in epitaxial ferroelectric thin films,
Acta Mater. 59, 3779 (2011).

[49] A. L. Roytburd, Thermodynamics of polydomain heterostruc-
tures. I. Effect of macrostresses, J. Appl. Phys. 83, 228 (1998).

[50] A. L. Roytburd, J. Ouyang, and A. Artemev, Polydomain struc-
tures in ferroelectric and ferroelastic epitaxial films, J. Phys.:
Condens. Matter 29, 163001 (2017).

[51] J. Wang, J. B. Neaton, H. Zheng, V. Nagarajan, S. B. Ogale,
B. Liu, D. Viehland, V. Vaithyanathan, D. G. Schlom, U. V.
Waghmare, N. A. Spaldin, K. M. Rabe, M. Wuttig, and R.
Ramesh, Epitaxial BiFeO3 multiferroic thin film heterostruc-
tures, Science 299, 1719 (2003).

[52] R. Zeches, M. Rossell, J. Zhang, A. Hatt, Q. He, C.-H. Yang,
A. Kumar, C.-H. Wang, A. Melville, C. Adamo, G. Sheng,
Y.-H. Chu, J. Ihlefeld, R. Erni, C. Ederer, V. Gopalan, L. Q.
Chen, D. Schlom, N. Spaldin, and R. Ramesh, A strain-driven
morphotropic phase boundary in BiFeO3, Science 326, 977
(2009).

[53] L. You, Z. Chen, X. Zou, H. Ding, W. Chen, L. Chen, G. Yuan,
and J. Wang, Characterization and manipulation of mixed phase
nanodomains in highly strained BiFeO3 thin films, ACS Nano
6, 5388 (2012).

[54] F. Xue, Y. Gu, L. Liang, Y. Wang, and L.-Q. Chen, Orientations
of low-energy domain walls in perovskites with oxygen octahe-
dral tilts, Phys. Rev. B 90, 220101(R) (2014).

[55] Y. Zhang, F. Xue, Z. Chen, J.-M. Liu, and L.-Q. Chen, Presence
of a purely tetragonal phase in ultrathin BiFeO3 films: Ther-
modynamics and phase-field simulations, Acta Mater. 183, 110
(2020).
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